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1. Consider trade between N ≥ 2 countries. A representative consumer in country j

maximizes his utility given by:

Uj =

(
N∑
i=1

nic
σ−1
σ

ij

) σ
σ−1

, σ > 1

where cij is the consumption in country j of a good produced in country i. Assuming
monopolistic competition, each firm in each country produces a single product which
is sold domestically and exported. All products exported by country i to j sell for
the same price pij. ni is the number of varieties produced (and exported) by country
i. Labor is the only factor of production and each country is endowed with L̄i with
nominal wage rate of wj.

(a) Setup and solve the consumer’s utility maximization problem to show that de-
mand is given by:

cij =

(
pij
Pj

)−σ
wjL̄j
Pj

where Pj =
(∑N

i nip
1−σ
ij

)1/(1−σ)
As usual:

max
cij

(∑N
i=1 nic

σ−1
σ

ij

) σ
σ−1

st ∑N
i=1 pijnicij = wjL̄j
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First order conditions imply:

nic
−1/σ
ij U

1/σ
j = λjpijni

where λj is a multiplier on the budget constraint. Rearranging the above ex-
pression gives:

cij =

(
pij

λ−1
j

)−σ

Uj

Now, we should note that λj is the marginal utility of income, implying that λ−1
ij

is the marginal expenditure of utility, that is the price index. Also recall that Uj
can be interpreted as a unit of aggregate consumption Cj. Note that from the
identity expenditure equals income PjCj = wjL̄j, we have:

Uj ≡ Cj =
wjL̄j
Pj

Pj ≡ λ−1
j

It follows that

cij =

(
pij

λ−1
j

)−σ

Uj =

(
pij
Pj

)−σ
wjL̄j
Pj

As for the formula for the price index, we just use the demand function on the
budget constraint:

N∑
i=1

pijnicij =wjL̄j

⇒
N∑
i=1

pijni

(
pij
Pj

)−σ

Cj =PjCj

⇒ Pj =

(
N∑
i=1

nip
1−σ
ij

) 1
1−σ

(b) Suppose that every variety requires a labor input of Li = α + βiXi to produce
Xi. This implies that every variety produced in country i is sold at the same
price. Setup and solve the firm’s profit maximization problem to show that:

pi =
σ

σ − 1
βiwi
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Show that price is greater than the marginal cost. What is the mark-up?
Firms maximize profits:

π = pijxij − wjLj = pijxij − wj (α + βixij)

knowing the demand function, that is

π = pij

(
pij
Pj

)−σ

Cj − wj

(
α + βi

(
pij
Pj

)−σ

Cj

)

Equating to zero the first derivative of the above expression with respect to price:

(1− σ) p−σij

(
1

Pj

)−σ

Cj + σp1−σij wjβi

(
1

Pj

)−σ

Cj = 0

and rearranging yields:
pij = pj =

σ

σ − 1
wjβj

Where the markup is σ
σ−1

and is obvious that

(c) We assume that all firms earn zero profit. Use this to show that the number of
products produced by country i is given by:

ni =
L̄i
σα

Lets first equate revenues and costs at the firms optimal price:

pixi =wj (α + βixi)

⇒ σ

σ − 1
wjβjxi =wj (α + βixi)

⇒ xi =
α (σ − 1)

βi

In terms of labor this requires:

Li = α + βixi = ασ
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Finally from labor market equilibrium:

niLi = L̄i ⇒ ni =
L̄i
ασ

(d) Now we add trade costs into the model as an iceberg cost τij > 1, meaning that
in order to import goods from country i, country j has to pay pij = τijpi, where
pi is the price charged by firms in country i (derived in b.).

i. Show that total expenditure by country j on goods imported from country
i equals:

Tij ≡ nipijcij = niYj

(
τijpi
Pj

)1−σ

where Yj = wjL̄j

Starting from the demand equation that we derived before:

cij =

(
pij
Pj

)−σ
wjL̄j
Pj

⇒nipijcij =nipij
Pj
Pj

(
pij
Pj

)−σ
wjL̄j
Pj

⇒ Tij =niYj

(
pij
Pj

)1−σ

⇒ Tij =niYj

(
τijpi
Pj

)1−σ

ii. Use the above expression to derive the following gravity equation:

Tij =
βi

α (σ − 1)

(
YiYj
pσi

)(
τij
Pj

)1−σ

Explain intuitively what is the effect of an increase of τij on Tij. How does
that depend on the elasticity of substitution σ?
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Starting from the above equation

Tij =niYj

(
τijpi
Pj

)1−σ

⇒Tij =niYj

(
τijpi
Pj

)1−σ

⇒Tij =niYj
pi
pσi

(
τij
Pj

)1−σ

⇒Tij =niYj
σ

pσi

wiβi
σ − 1

(
τij
Pj

)1−σ

⇒Tij =niYj
σ

pσi

wiβi
σ − 1

(
τij
Pj

)1−σ

⇒Tij =
L̄i
ασ

Yj
σ

pσi

wiβi
σ − 1

(
τij
Pj

)1−σ

⇒Tij =
βi

α (σ − 1)
YjYi

YjYi
pσi

(
τij
Pj

)1−σ

2. Consider the Melitz model with monopolistically competitive firms and two identical
countries. Each firm produces only one variety, which it can sell domestically or
export it. The price p, revenue r, and profit π are given by:

p (ϕ) =

pd (ϕ) = σ
σ−1
· 1
ϕ
, domesticmarket

px (ϕ) = σ
σ−1
· τ
ϕ
, foreignmarket

ri (ϕ) =

rd (ϕ) =
(

σ
σ−1
· ϕP

)σ−1
R, domesticmarket

rx (ϕ) =
(

σ
σ−1
· ϕ
τ
P
)σ−1

R, foreignmarket

πi (ϕ) =

πd (ϕ) =
(

σ
σ−1
· ϕP

)σ−1 R
σ
− f, domesticmarket

rx (ϕ) =
(

σ
σ−1
· ϕ
τ
P
)σ−1 R

σ
− fx, foreignmarket

Note that if a firm exports, total revenues becomes r (ϕ) = rd (ϕ) + rx (ϕ) and profits
π (ϕ) = πd (ϕ) + πx (ϕ). P is the price index; R is the total revenue on all varieties; f
and fx are the fixed cost of production for domestic and export market; τ > 1 is the
iceberg cost. Wages are normalized to 1 and we assume there is free entry and firms
die with probability δ. Let fe be the fixed cost of entering the market, and G (ϕ)

the distribution from which ϕ is surveyed for potential entrants (g (ϕ) is the pdf of
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that distribution). Assume further that ϕ∗ and ϕ∗
x are the cut-off productivities of

producing domestically and to export markets. The average productivity of firms
operating in the market is ϕ̃.

(a) Show that the open equilibrium is the solution of a zero profit condition and a
free entry condition given by:

π (ϕ̃) ≡ π̄ =
δfe

1−G (ϕ∗)
(FE)

π (ϕ̃) ≡ π̄ = f

((
ϕ̃ (ϕ∗)

ϕ∗

)σ−1

− 1

)
+ probxfx

((
ϕ̃x (ϕ∗)

ϕ∗
x (ϕ̃)

)σ−1

− 1

)
(ZPC)

where

ϕ∗
x/ϕ

∗ = τ (fx/f)1/(σ−1)

probx =
1−G (ϕ∗

x)

1−G (ϕ∗)

Depict a graphical representation of the equilibrium.
Starting from the (FE), we know that the value for a firm with productivity ϕ
is:

V (ϕ) = max

{
0,
π (ϕ)

δ

}
So ex-ante, the value for a potential entrant in expectation:

EV = G (ϕ∗) + [1−G (ϕ∗)]π (ϕ̃) /δ − fe

Equating the above to zero and rearranging:

π (ϕ̃) ≡ π̄ =
δfe

1−G (ϕ∗)

As for the ZPC, note that the average productivity firm with generate the
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following profits:

π (ϕ̃) ≡ π̄ = πd (ϕ̃) +
1−G (ϕ∗

x)

1−G (ϕ∗)
πx (ϕ̃x)

= (rd (ϕ̃) /σ − f) +
1−G (ϕ∗

x)

1−G (ϕ∗)
(rd (ϕ̃x) /σ − fx)

= f

(
rd (ϕ̃)

fσ
− 1

)
+

1−G (ϕ∗
x)

1−G (ϕ∗)
fx

(
rx (ϕ̃x)

fxσ
− 1

)
But note that at the cut-off productivity ri (ϕ∗

i ) = σfi, so:

π (ϕ̃) ≡ π̄ = f

(
rd (ϕ̃)

fσ
− 1

)
+

1−G (ϕ∗
x)

1−G (ϕ∗)
fx

(
rx (ϕ̃x)

fxσ
− 1

)
= f

(
rd (ϕ̃)

rd (ϕ∗)
− 1

)
+

1−G (ϕ∗
x)

1−G (ϕ∗)
fx

(
rx (ϕ̃x)

rd (ϕ∗
x)
− 1

)
= f

((
ϕ̃

ϕ∗

)σ−1

− 1

)
+

1−G (ϕ∗
x)

1−G (ϕ∗)
fx

((
ϕ̃x
ϕ∗
x

)σ−1

− 1

)

= f

((
ϕ̃ (ϕ∗)

ϕ∗

)σ−1

− 1

)
+

1−G (ϕ∗
x (ϕ∗))

1−G (ϕ∗)
fx

((
ϕ̃x (ϕ∗)

ϕ∗
x (ϕ∗)

)σ−1

− 1

)

Close inspection of the 2 equilibrium equations reveals that the (FE) is increasing
while the (ZPC) is (usually) decreasing. That should be enough to determine
the equilibrium.

(b) Show that higher productivity implies larger per worker revenues. You can use
the fact that:

r (ϕ)

l (ϕ)
=

σ − 1

σ

(
1− f

l (ϕ)

)
l (ϕ) = f + q (ϕ) /ϕ

q (ϕ) = r (ϕ) /p (ϕ)

In order to do this, we just need to understand the sign of the derivative
∂ [r (ϕ) /l(ϕ)] /∂ϕ. Note that

∂r/l

∂ϕ
=
σ − 1

σ

f

[l (ϕ)]2
∂l

∂ϕ
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and

∂l

∂ϕ
=

∂q

∂ϕ
/ϕ− q (ϕ) /ϕ2

= P σ−1

(
σ

σ − 1

)σ
Rϕσσ/ϕ2 − P σ−1

(
σ

σ − 1

)σ
Rϕσ/ϕ2

= P σ−1

(
σ

σ − 1

)σ
R
ϕσ

ϕ2
(σ − 1) > 0

And the positive signal of the last derivative should prove our case.
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